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^ . Abstract. In this article we consider surfaces in the product space 

^ZT^' H^ X R of the hyperbolic plane H^ with the real line. The main results 

'^U( I are: a description of some geometric properties of minimal graphs; new 

("■^ ■ examples of complete minimal graphs; the classification of umbilical 

rvj ' surfaces. 
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1. Introduction 



In the last decade the study of the geometry of surfaces in the three- 
dimensional Thurston geometries has grown considerably. One reason is that 
these spaces can be endowed with a complete metric with a large isometry 
group; another, more recent, is the announced proof of Thurston geometric 
conjecture, which ensures the dominant role of this spaces among the three- 
1/-^ I dimensional geometries. 

Leaving aside the space forms M , § and EI , among the left five Thurston 
^ ! geometries the Heisenberg space is probably the most studied and the geom- 

Q I etry of surfaces is well understood. In recent years the study of the geometry 

VO ■ of surfaces in the two product spaces EI x M and S x M is growing very 

^£ I rapidly, and the interest is mainly focused on minimal and constant mean 

^ ■ curvature surfaces [Ill21ISliniiaiHliniIiniII21IIlIISl. 

C^ , The purpose of this paper is first to investigate on some geometric prop- 

erties of minimal graphs in EI x R (Theorem 11^.21 and 12. 1|) and to pro- 
duce some new examples including complete ones. In the last part (Theo- 
rem 14. 4j) we classify the umbilical surfaces in EI x M giving their explicit 
^\ ' local parametrizations. 

^ . For completeness we recall some basic notions on H x M. Let EI be the 

upper half-plane model {(x, y) G M | y > 0} of the hyperbolic plane endowed 
with the metric g^ = {dx^ + dy'^)/ip , of constant Gauss curvature —1. The 
space EI , with the group structure derived by the composition of proper 
affine maps, is a Lie group and the metric g^ is left invariant. Therefore the 
product EI x M is a Lie group with the left invariant product metric 

dx'^ + dy'^ 2 

g = 5 h dz . 
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With respect to the metric g an orthonormal basis of left invariant vector 
fields is 

(1-1) ^l=y|-' ^2=y|-, ^3 = 1", 

OX ay oz 

and the non zero components of the Christoffel symbols are: 

1 1 

y y 

2. Minimal graphs 

The natural paranietrization of a graph A^ in H x M is 

4>{x, y) = (x, y, /(x, y)), (x, y) £ il, 

where the domain $7 C M^ is relatively compact, with a differentiable bound- 
ary and / : — > R is a C'^-function. The unit normal ^ to A^ is given by 

(2.1) ^(^,y) = _A^^_ A£;2 + J_i^3, 

wy wy wy^ 



where w = ■\\/y'^{fx + fy) + ^- The coefficients of the induced metric 
h = (l)*g are 

E = Jx + -f' E = Jxjy, ^ ~ Jy ^ 72' 

while the coefficients of the second fundamental form are given by 

f2 2) L = ^^'■^'■^ ~ ^y M = y^^y "*~ ■^^ M = yjyy "*" Jy 

yjy'i ^ wy^ ' wy^ 

The mean curvature function is then 

(2.3) g^^div( ^, V/ ) ldiv,,(^), 

where V and div stand for the Euclidean gradient and the Euclidean di- 
vergence, while divjj2 is the divergence in (H ,90)- The equation H = is 
called the minimal surfaces equation in EI x R, and can be also written as 

(2.4) (1 + yV') f.. - y ifx + fy) fy " 2y' f. fy fxy + (1 + y^f!) fyy = 0. 

This equation was first founded by B. Nelli and H. Rosenberg, in |2], where 
they showed that in M."^ x R there exist minimal surfaces of Catenoid-type, 
Helicoid-type and Scherk-type. Moreover, they proved that the Bernstein's 
theorem fails, that is there exist complete minimal graphs in H x R of rank 
different from zero. 

The first geometric property of minimal graph is that, as in the Euclidean 
case (see ^12^). solutions of p.4|) define graphs of "minimal" area. 
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Theorem 2.1. // / satisfies the minimal surfaces equation (jSHJ in Q and 
f extends continuously to 0,, then the area of the surface M., defined by f , is 
less than or equal to the area of any other surface M. defined by a function 
f inVt having the same values of f on dQ. Moreover, equality holds if and 
only if f and f coincide on Q. 

Proof. In the domain J7 x M of H x M, consider the unit vector field V{x, y, z) 
given by 

V{x,y,z) := -^ El - ^ E2 + -^E^. 
wy wy wy^ 

Writing V = V^ (d/dxi) and denoting by divjj2xR the divergence of H x M, 
we have 

2 .:.. / V/ 



divH2xRl^ = -y div 



Since f{x,y) satisfies Equation H2.4|) . it follows that 
divjj2xR V = on i7 x R. 

The surfaces A4 and A4 have the same boundary, and therefore A1 U A1 is 
an oriented boundary of an open set in $7 x M. Denoting by r] the unit 
normal corresponding to the positive orientation on A^ U A^ and using the 
Divergence Theorem, we have: 

(2.5) 0=fdw^2^^V=[ ^g{V,7j)dA. 

Je Jmum 

From the definition of the vector V and from (|2.1j) , it follows that 

V = 7] on ^A, 

hence, from (|2.5() . and since V and f] are both unit vector fields, it results 
that 



A{M)= / g{V,ri)dA= lg{V,-i])dA< ldA = A{M). 
Jm Jm Jm 

Furthermore, equality holds if and only if g{V, —rf) = 1, that is, if and only 
if on VL fx = fx and fy = fy. Finally, since f^QQ = f\Q^, we must have that 
f{x, y) = f{x, y) for all {x, y) e Q. D 

In the following we show some solutions of the Equation (|2.4|) . 

Example 2.2. If a solution of (|2.4|) has the form f(x,y) = ^{x), we have 
that '^"{x) = and, then, f{x,y) = ax + b, with a, 6 G M. These are the 
only minimal planes in EI x M that can be described as graphs. 

If now we look for solutions of type f{x,y) = ipiv), then Equation (|2.4j) 
assumes the form tp"{y) — yip'{y)^ = 0, and, by integration, we get 

ip{y) = arcsin(ay) + b, < y < 1/a , a,b gM., a > 0. 
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Example 2.3. As for the Euclidean space, we can find interesting examples 
of minimal graphs seeking for radial solutions of (|2.4j) of type f{x,y) = 
h{x^ + y^). In this case, it results that zh"{z) + h'{z) = 0, thus the desired 
function is 

f{x,y) = a\n{x^ +y^)+h, a, 6 G M. 

This surface, called the funnel surface^ defines a complete minimal graph. 
We observe that the Gauss map of this surface is of rank 1. On the right 
hand side of Figure ^ there is a plot of the image, under the Gauss map, of 
the funnel surface, which is plotted on the left hand side. 





Figure 1. Complete minimal graph of rank 1 (left) and the 
image of its Gauss map (right). 



Example 2.4. Let f{x,y) be a solution of the minimal surfaces equation 

of type 

ff N a{x) 

f{x,y) = ^-- — 2' 

where a{x) is a real function. Then, 1)2.4(1 gives 

[{X^ + y2)4 + 4 y4 ^(^)2] ^//(^) _ 4(^2 ^ y2)3 [^ ^/(^) _ ^(^)] ^ g, 

of which a solution is a{x) = ex, with c € M. The corresponding minimal 
function is 

ex 



(2.6) 



fix,y) 



2,2 _|_ y2 



c G 



which produces the minimal graph plotted in Figure |2l (left). We observe 
that the Gauss map of this complete graph is of rank 2. 

This example can be generalized considering, for a given real function h, 
a solution of ((231) of type f{x,y) = h{^^) or of type f{x,y) = h{^^j^). 
In the first case we essentially find (up to translations) the example given by 
(|2.6() . In the second case it results that h"{z) — zh'{z)^ = and, therefore, 

h{z) = arcsin(az) +b, a, 6 G M. 

The corresponding minimal function does not define a complete graph. A 
plot of this surface is given in Figure El (right). 
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Figure 2. Minimal graphs of rank 2: a complete one (left) 
and a non complete one (right). 

3. Minimality and harmonicity 



A4 in H X M, defined as the graph of a differentiable function /, and the 
harmonicity of /. A first property about minimal graphs in H x M is given 



In this section we study the relations between the minimality of a surface 
'I in M^ X M, d6 
irmonicity of /. 
by the following: 

Proposition 3.1. Let Al C HI xM 6e a graph of a C"^ -function f , defined in 
a domain il o/ IH . If M. is a minimal graph then f is harmonic with respect 
to the induced metric h = <l)*g, where (l){x,y) = {x,y, f{x,y)), {x,y) G ri, is 
a global parametrization of M.. 

Proof. We use (see, for example, Jl|) the fact that 7W is a minimal surface 
if and only if (j) : ($7, /i) — > H x M is harmonic, that is (f) satisfies the system 

where A/j is the Beltrami-Laplace operator with respect to h. Since To = 0, 
for all /3,7 G {1, 2, 3}, (see ^I^), it follows that A/^/ = 0. D 

As an immediate consequence of the above proposition we can prove that 
there exist no compact minimal surfaces without boundary in the product 
M^ xR. 

The next result gives a link between the harmonicity of / and the geom- 
etry of the level curves. 

Proposition 3.2. Let 7V4 C HI x M 5e a minimal surface defined as the 
graph of a non constant differentiable function / : fi C HI — > M. Then, the 
level curves of f are pre-geodesics of H^ if and only if f is harmonic with 
respect to the flat Laplacian. 

Proof. Let / be a solution of ()2.4() and let ^{t) = {x(t), y{t)) be the parametriza- 
tion of a level curve of /. If the function x{t) is constant, it results that 
fy = and thus, using Example 12.21 the surface ^A is a piece of the plane 

z = ax + 6, a, 6 € M. 
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Thus we can assume that there exists a point to such that x'{t) 7^ in a 
neighborhood of to- Therefore, we can parametrize 7 as 7(x) = (x,y(x)), 
with y{x) > 0, in a neighborhood of 7(to)- It follows that 

7 (x) = ^-r + ^-^ E2, 
y{x) y{x) 



and 

V(a^) ^^ ^ / yix)y"{x)-y '{xy + 1 
y{xy ^ \ y{x) 

The geodesic curvature kg (in H^) of 7 is then 



Vy7 =-- 7TTy^i+ -7-T2 )E2. 



k 



Using 



and 



gjv^n', Jj) _ y{x)y"{x) + y'jxf + 1 

9 ||y||3 (1 + y'(2;)2)3/2 

fx{x,y{x)) 



y'{x) 
y"{x) -- 



fy{x,y{x)) 



fy 
the minimal Equation (|2.4|) can be written as 

Af = y{x)kg\Vf\l2, 
which completes the proof. D 

4. Umbilical surfaces of H^ x M 

We start this section studying the totally geodesic surfaces of H x M. For 
this we need the following lemma. 

Lemma 4.1. Let M. he a regular surface in H^ x M. Then, there exists an 
open dense set in M, of which the connected components admit one of the 
following parametrizations: 

X{u, v) = {u, V, f{u, v)), V >0, 
Y{u,v) = {u,a{u),v), a{u) > 0, 

Z{u,v) = {c,u,v), u > 0. 

Proof. A detailed proof can be found in ^J. D 

The parametrizations Y{u,v) and Z(u,v) of Lemma 14.11 define surfaces 
that we shall call vertical surfaces. 

Theorem 4.2. The totally geodesic surfaces of H^ x M are the horizontal 
planes z = c, c €M., and the vertical cylinders over the geodesies ofM . 
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(4.1) 



J XX 

jyy 

Jxy 



Proof. We start proving that the only totally geodesic graphs are the hori- 
zontal planes z = c, c G R. Let A^ be a totally geodesic surface defined as 
the graph of a differentiable function /. From (|2.2|) . it follows that 

k 
y 

JjL 
V 

Jx 

y ' 

First, observe that f{x,y) = 0,0^^, satisfies System (|4.1|) and, therefore, 
defines a totally geodesic surface. Then, since /^^ = if and only if fy = 0, 
there exist no totally geodesic graphs defined by a (non constant) function 
/ that depends only of one variable. Thus, we can suppose that /^ / and 
fy ^ 0. From the second and third equations of (|4.H) . we find that there 
exist two functions p{x) and q{x) such that fy = p{x)/y and fx = q{x)/y. 
Now, replacing in the first equation of ()4.1() . we have the contradiction 

yq'{x) — p{x) = 0. 

To complete the proof, observe that the vertical cylinders over the geodesies 
of H are totally geodesic surfaces of EI x R. In the following, we prove that 
these cylinders are the only vertical surfaces that are totally geodesic in 
H X M. Let M he a. vertical surface. From Lemma l4.H it follows that ei- 
ther M. is the totally geodesic plane x = c, with y > 0, or it is parametrized 
by 

(4.2) X{u,v) = {u,a{u),v), a{u) > 0. 
The unit normal to the surface M, defined by (|4.2|) . is 

a' 1 

(4.3) ^= , =Ei E2. 

It is then straightforward to compute that 

1 



,'\2 



yiTFF ^VT+F) 



and 

vx„e = 0, 

hence M = N = 0. Consequently, A4 is totally geodesic if and only if 

L = -g{VxJ,Xu) = 0, 
that is, the function a{u) satisfies the following ODE: 

aa" + {a'f + 1 = 0. 
This implies that 

a{u) = V — ti^ + 2ciu + C2, ci, C2 G M with c^ + C2 > 0, 



-£■21 
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and the curve {u, a{u)) is the geodesic of H" given by the upper semi-circle 
with center at (ci , 0) and radius ycf-i-C2 • This completes the proof. D 

Remark 4.3. From the proof of Theorem 14.21 it follows that, if A1 is a 
vertical surface, then F = M = N = and so the mean curvature is given 
by if = L/2E. Thus a vertical surface is minimal if and only if it is totally 
geodesic. 

We are now ready to state the main result of this section. 

Theorem 4.4. The umbilical surfaces ofM. x R are: 

i) the totally geodesic surfaces given in Theorem \4^ 
ii) the surface given as the graph of the function 

\{x,y) 



f{x,y) 

where 

X{x,y) = - 

and 



arctan 



\/j- A(x,y)^ 



+ c. 



c G 



ci 



X^ + y'^) + C2 X - C3 



Cl,C2,C3 G 



j = l-C^-2ciC3 >0. 

Proof. Let A4 be an umbilical surface of H x M parametrized by 

(/)(x,y) = (x,y,/(x,y)), (x, y) G S7 C M^. 

Let p (z M and let ^ be an unit normal vector field defined in some neigh- 
borhood U of p. Since Ai is umbilical, by definition, there exists a function 
A : [/ ^ M such that the shape operator A satisfies A^ = XI in U. The 
expression of A^ with respect to the coordinates basis {cpx, (py} is 



Adp) = 


///x\ fy 
\w 1 X yw 

Ww / X yw 


\ywJy 
\ywJ y/ 




Thus M is umbilical if and only if 






\wyJ y 




(4.4) 


\w J X wy 






. \W J X \W J 1 


i 


The first and second equations of (|4.4() implv 1 
a(x) and b{y) such that 


jhat there exist two functions 


Jx 1 

— =a : 
yw 


t), 


!jL = - [ a(x)dw + b(y 
w J 


)• 
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Then, from the third equation of (|4.4j) . we conclude that 
a{x)=cix + C2, b{y) = —y"^ + C3, 

where ci, C2, C3 G M. Thus fy/w = ^(y^ — x'^) — C2X + C3, which imphes that 

(4.5) A(x,y) = y(^^ _1R..2 



^ywJy y 
From the Codazzi's equation for umbihcal surfaces (see, for example, [H]] 



y(x'' + y^) + C2X-C3 



(J<'{(px,4'y)0~^ = ^(Px - ><x4>y, 



and using 



it follows that 



{R{(^^,(t>y)0 



wy"^ 



:E, 



Jx 

wy^ 



E2, 



(4.6) 

Now, using the identities 
/ 1 



wy^/y 

1 



, Jx 

^x — ^'j 

\ — ■'y 

^y ~ 9- 



Jx 



14—.) +fy(^. 



^wy^/ X 
and (|4.5|) . a simple calculation gives 



wy/y 

Jx 

w y X 



wy/y 



/.(-) +/.(^ 



W / X 



(4.7) 



y^'w 



1 



where j{x) = \ — c\ — 2 ci C3 > 0. Substituting (|4.7|) in the first equation of 
(|4.6j) we have 

Ax , , / A 



f{x,y) 



: dx = arctan 



+ h{y), 



for a certain function h{y). From the second equation of (|4.6|) . we conclude 
that /i(y) is constant. 

To complete the proof, we must study the case when A4 is an umbilical 
vertical surface. From Lemma l4. 11 it follows that either M is the totally 
geodesic plane x = c, or it is given by: 

X{u,v) = {u,a{u),v), a{u) > 0. 

In the last case, we have A^X^ = —Vx^^ = and, therefore, A = 0. This 
conclude the proof of the theorem. D 
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As an example of umbilical surfaces, if ci = C2 = 0, we have the graph 
given by 

/(x,y) = -arcsin(— ) +c, y > Ics] > 0. 

In Figure 121 there is a plot of this surface for C3 = —1. 




y 

Figure 3. Umbilical surface of H^ x R. 
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